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Order-w Formulation of Extrusion of a Beam with Large
Bending and Rotation

Arun K. Banerjee*
Lockheed Missiles & Space Company, Sunnyvale, California 94089

Rosenthal's order-rc algorithm for formulating equations of motion of an /i-degree-of-freedom multibody
system is adapted to a situation where n itself changes with time according to a prescribed motion. Effectiveness
of modeling a beam in this context by a series of rigid rods connected by rotational springs is demonstrated by
comparison to a conventional approach using time-varying shape functions. The formulation is capable of
describing large bending deformation of a beam undergoing large overall motion. This is illustrated by three
simulations: extrusion/retraction of a beam from/into a base undergoing planar rotation, retraction of a tether
into a rotating base, and three-dimensional deformation of a long antenna during spin-up of its base undergoing
nonplanar rotation.

Introduction

A NY standard formulation of the equations of motion of
a multiple-rigid-body system gives rise to a high-order,

dense mass matrix. It can be shown that the procedure used to
form the coefficients of the mass matrix and then to uncouple
the equations with respect to the highest time derivative of the
dependent variables requires 0(n3) arithmetic operations,
where n is the number of degrees of freedom of the system.
Formulation of equations of motion in a manner that results
in 0(n) operation counts for performing the same task re-
cently has been a subject of intense research in the field of
multibody dynamics (see, e.g., Refs. 1-6) for the obvious
reason that an 0(n) algorithm requires far fewer computations
than an 0(n3) formulation when n is large. There is a basic
similarity in the 0(n) formulations published so far in that all
use recursive methods in three passes: a forward pass to con-
struct the kinematics, a backward pass to get the first dynam-
ical equation, and a final forward pass to get the rest of the
dynamical equations. The method behind order-fl formula-
tions is not unique. For example, Hollerbach1 uses Lagrange's
equations, Rosenthal2 uses Kane's equations, Rodriguez3 uses
the filtering and smoothing approach of optimal estimation in
deriving the equations, Bae and Haug4 use the method of
virtual work, Roberson and Schwertassek5 use the Newton-
Euler method, and Keat6 uses a velocity transformation ap-
proach.

A class of problems to which the order-n formulation has
not been applied so far is described by a situation where the
degree-of-freedom n itself changes with time. This happens,
for example, when a beam represented by a finite number of
segments is extruded or retracted from or into a second rotat-
ing body. The Shuttle-based U.S./Canada waves in space
plasma (WISP) experiment, in which two antennae will be
extended from 0 to 150 m, held at that length, and then
retracted into the Shuttle while the latter rotates slowly in yaw
or roll, provides an application of this type of a dynamical
system. References 7-11 are, in essence, devoted to this prob-
lem where the authors were concerned with describing the
bending vibration of a cantilever beam whose length changed
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with time. These references used small deflection beam theory
and assumed deformations in the form of modes or admissible
functions whose spatial argument contained the time-varying
length of the beam.

The basic constraint involved in relative translation of a
flexible body with respect to another body has been studied by
Li and Likins12 in terms of a translation coordinate and modes
dependent on it, whereas Hwang and Haug13 showed the
influence of global modes and substructuring on the response
in this context. The convention of using time-varying modes to
describe deployment dynamics might appear as intuitively ap-
pealing, but it is only an assumption, the validity of which has
not been rigorously proved. This consideration had led the
authors of Ref. 14 to use a model of the beam where the beam
was discretized into a number of rigid links connected by
rotational springs, and extrusion/retraction was described by
increasing/decreasing the number of links; to reduce the order
of this model, use was made in Ref. 14 of the small deforma-
tion vibration modes for the number of links that were de-
ployed at any given time. Although both Refs. 11 and 14,
dealing directly with the WISP problem, were restricted to
small deflection beam theory, indications were presented in
Ref. 11 of the distinct possibility of occurrence of large bend-
ing during extrusion/retraction. This paper is about a simula-
tion tool to describe such large bending deformations. Because
the superposition used in any modal approach is untenable for
nonlinear elastic deformation, whereas the discretized beam
representataion of Ref. 14 can describe large bending, the
latter is the model preferred in this paper.

The contribution of this paper is as follows. Rosenthal's
order-/? algorithm is adapted to handle situations with variable
n and prescribed base motion. Next, with a view to applying
this formulation to a segmented rigid/elastic system undergo-
ing deployment, the effectiveness of such a model is estab-
lished by comparison to a modal-type model for deployment
of a beam with small elastic deflections. The variable n order-
n algorithm is then used to generate new results on large
bending of a beam during extrusion/retraction from/into a
rotating base. It is shown how the present analysis can repro-
duce a well-known result of retrieval of a tether, which is a
beam with no bending stiffness, into an orbiting satellite.
Finally, a simulation of large bending during spin-up of a
long, slender boom attached to a base undergoing nonplanar
rotation is given to illustrate use of the algorithm to describe
three-dimensional motion. The capability of efficiently simu-
lating large bending of a beam, during extension/retraction or
at fixed length, as demonstrated in this paper, will be of
crucial importance in the selection of deployment or spin-up
rates, and eventually control, of the WISP antenna.
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Model Description
The beam being extruded from a rotating base is modeled as

a system of rigid links connected by rotational springs, as in
Ref. 14; a schematic representation of this is given in Fig. 1.
At any given time t, the system consists of a rigid body B
whose motion is prescribed a priori in a Newtonian frame N,
and rigid massless links £"/(/ = 1, . . . , n) each of length L
connected to each other by revolute joints with particles of
masses m, (/ = 1, . . . , n) located at the ends of the links;
linear torsion springs of stiffness k-{ resist the rotation between
two adjacent links for all of the revolute joints. For an equiv-
alent representation of the actual elastic beam of linear mass
density p and flexural rigidity El by this model, the masses m,
and the stiffness k-t have the values

m,: = pL (/ = 1, . . . , A* )

£Y

6(n -
(3n -

} - k2)d/L

(1)

(2a)

(2b)

(2c)

(2d)

where d is the distance from a point O fixed in B to the anchor
point A for the beam. Here, the stiffness coefficients are
obtained by equating the deflections of a Bernoulli-Euler
beam due to a tip load to the deflections of the discretized
beam at all points where the rotational springs are attached.
An extrusion/retraction process is modeled by treating the
number of links n as a discontinuous function of time t,
prescribing the distance d as a function of time, and requiring
that the line OA remain fixed in B; see Fig. 1. Note that Eq.
(2d) represents a linear interpolation in the stiffness value for
the nth spring between its values at the beginning and end of
extrusion of link n + 1. This provides an accounting of the
variable stiffness of the beam. The variable n order-/? al-
gorithm is now applied to this system during successive peri-
ods of time, during which the system has a constant n degrees
of freedom while one link is being extruded or retracted.

Order-n Algorithm
Rosenthal's order-/? algorithm,2 which is reviewed here with

corrections to the published version, and modifications to
accommodate variable n and prescribed base motion, is based
on Kane's method15 and uses terminology such as generalized
speeds, partial velocities, and partial angular velocities associ-
ated with Kane's equations. The algorithm is given here in the

context of a system of rigid bodies connected in the form of a
chain to a point that itself moves in a prescribed manner in a
given reference frame. An arbitrary body is denoted by the
index k and the body preceding it by the index /, as in Fig. 2.
The dynamical equations are formed in three passes: a for-
ward pass for developing kinematical variables going from
body n to body 1, followed by a backward pass to form the
dynamical equation for the nth body, and, finally, a forward
pass for obtaining the remaining dynamical equations. It is
assumed that each body k has a basis vector associated with it.

Initialization Step
Specify starting value of n , numbering the bodies as shown

in Fig. 1. Assign inertia properties, introducing intermediate
bodies with zero mass and inertia when a hinge has more than
one rotational degree of freedom. Compute the stiffness coef-
ficients as per Eqs. (2). Initialize generalized coordinates qk
and generalized speed uk - qk (k = 1 , . . . , / ? ) for all the hinge
relative rotations. Prescribe the base motion and the extrusion
rate (rate of change of the distance d in Fig. 1) as functions of
time.

Forward Pass
Step 1. Define the coordinate transformation matrix Cik

between body / and its outboard body k for all k. The ele-
ments of Cifc are

= bi(l)'bk(m) = / ? , . . . , 1; 1,/w = 1,2,3) (3)

where bi(m) is the mth component of the vector basis of the
/th body.

Step 2. Form the angular velocity o>* of the kth body in
the k basis and define corresponding 3 x 1 matrices a)k

(& = H , . . . , 1) using the sequence

^n = ̂  + un\n (4a)

tf = & + uk\k ( £ = / ? - ! , . . . , 1) (4b)

where X^ is the unit vector along the rotation axis for the kth
hinge and B is the reference body to which body n is hinged
and whose motion is prescribed. Note that the hinge-axis
vectors are not restricted to be all parallel; this feature allows
describing three-dimensional motion.

Step 3. Form the partial angular velocity of the kth body
with respect to the kth generalized speed

1) (5)

in the k basis, forming the 3 x 1 matrix o>£ (& = « , . . . , 1).
Step 4. Express the partial velocity of the mass center of

the kth body with respect to the Arth generalized speed in the
k basis,

= - w x (k = n , 1) (6)

Fig. 1 Discretized representation of a beam being extruded from a
rotating base.

BODY K

BODY I

Fig. 2 Two hinged bodies / and A in the chain, body A being out-
board.
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Form corresponding 3 x 1 matrices vk* (k = 1, . . . , « ) . Note
that rk is the position vector going from the mass center of
body k to the kth joint, as in Fig. 2.

Step 5. Express the remainder term ak for the angular
acceleration of the A:th body defined as

n

j= 1

of = aB (7b)

X (uk\k) (7c)

in the k basis, forming the 3 x 1 matrix ak. Here, a.8 is the
angular acceleration of the base to which the beam is attached.

Step 6. Express the remainder term ak* of the acceleration
of the mass center k* of k

ak* = £ vf iij + a? (*=/! , . . . , ! )

af = aA - un x (a/1 x rj)

= af + a' xrk
} + d>' X (d>' X f\) - ak X fk

2

-ukx(ukxrk
2) (A: = n - 1, . . . , 1)

(8a)

(8b)

(8c)

in the k basis forming the 3 x 1 matrix ak* . Linear accelera-
tion of the base of the beam is reflected in the term aA.

Step 7. For external force Fk and external torque Tk,
both expressed as 3 x 1 matrices in the k basis, form the
following 3 x 1 matrices:

Step 3. Define the 6 x 6 shift transformation matrix W

W =
0

(13)

where r'*k* is the skew-symmetric matrix formed out of the
components in the k-basis of the position vector going from
the mass center /'* of body / to the mass center of the A:th
body. Next, shift the inertia force and torque at the kth body,
represented by the augmented mass and remainder inertia
force matrices M and X, to the /th body and add to the mass
and inertia force matrices for the /th body

M = Mi + W'MW

X = W1X

(14a)

(14b)

Step 4. Increase k by 1, and repeat steps 2 and 3 until mnn
and/,, have been computed.

Forward Pass
Step 5. Set k = n ~ 1 and / = n. Form the following:

- Ynun

(15a)

(15b)

6. Form the 6 x 1 matrices and the scalar derivative

af* -Fk

fk = Ikoik + w*7* co* -Tk

= n,...,l) (9a)

(k = n , . . . , 1) (9b)

where uk is the standard skew-symmetric matrix formed out of
co*.

Step 8. Form the 6 x 6 matrix Mk , the 6 x 1 matrix Xk ,
and the 6 x 1 matrix Yk , (k = n, . . . , 1)

\mkE 0
L 0 4.

(10a)

(10b)

(10c)

where E is a 3 x 3 identity matrix and 0 is the 3 x 3 null
matrix.

Backward Pass
Step L Set £ = 1, M = Mk,X = Xk.
Step 2. Form and store the 6 x 1 matrix Zk and the scalars

mkk and/£ as follows:

Zk = MY,

mkk = YkZk

fk = Y[X + rk

(Ha)

(lib)

(He)

where T* is the hinge torque applied by body / on body k at the
kth hinge, and superscript / on a matrix indicates its trans-
pose. Form the 6 x 6 augmented mass matrix Mand the 6 x 1
augmented remainder inertia force matrix X,

= M-(ZkZk]/mkk

= X-Zk(fk/mkk)

(12a)

(12b)

- W

&

(16a)

(16b)

(16c)

7. Decrease the indices k and / by 1 and repeat step 6
until M! is formed. It may finally be pointed out that the
equations corresponding to Eqs. (12b) and (16b) given in Ref.
2 are incorrect.

Deployment Step
If one link has been extruded, replace n by n + 1 and

assume qn+ \ = un+ \ = 0. For retraction, replace n by n — 1
when one link is retracted and update state as described later
to maintain continuity in displacements and velocities. Reset
the values of the beam stiffness coefficients based on Eqs. (2)
for the current n. Go to step 1 of forward pass.

Numerical Simulation
Before proceeding with the simulation for the extrusion

problem, the order-/? algorithm, as presented here, was first
tested for a constant n with an independent check by a multi-
body code, DYNACON, developed at Lockheed Missiles &
Space Company and based on the theory of Ref. 16. For a
system of 20 hinge-connected bodies with two-degree-of-free-
dom hinges, released from an arbitrary initial configuration,
the two codes produced exactly the same simulation results,
with the order-A? simulation executing eight times faster than
DYNACON. It is believed that programming with symbol
manipulation and explicit coding would make the order-/?
code run faster by greater factors.

The validity of modeling an extruding beam as a variable
number of rigid rods connected by rotational springs is
checked by comparing the results given by the present theory
with a solution based on the conventional modal approach
available in the recent literature. Reference 10 considered ex-
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DEPLOYMENT OP fl BERN FROM RN OSCILLflTING BRSE

40.0 50.0 60.0 70.0 80.0 90.0 100.0 110.0 120.0 130.0 140.0
BEflM LENGTH UN)

Fig. 3 Extrusion of a beam from an oscillating base: present theory
(solid line) vs theory of Ref. 10 (dashed line), which used time-varying
shape functions, and did not include any dynamic stiffening effect.

trusion of a beam from a transversely oscillating base and
modeled the beam as a Timoshenko beam with shear deforma-
tion and rotatory inertia; transverse deflection v(x,t) and sec-
tion rotation a(x,t) of the beam were assumed as

n f
= E

<x(x,t)=

(17a)

(17b)

where L(t) is the time-varying length of the beam. The equiv-
alent discrete spring coefficients needed for the model used in
this paper are obtained by equating the continuum deflections
for a beam under a tip force due to bending and shear with
those given by the discrete model. This results in the modified
stiffness coefficients (see Fig. 1),

= nL/[L2(3n -

kn = k2 -k2)d/L

(18a)

(18b)

(18c)

(18d)

where L is the segment length, A the cross-sectional area, K the
shape factor, and G the shear modulus. For a beam with a tip
mass having a large rotary inertia, a base oscillation of ampli-
tude 0.05 in. and frequency 1 Hz, and an axial deployment
rate of 3 in./s, beam tip deflection is plotted in Fig. 3 as given
by the present analysis and the analysis of Ref. 10 (using three
modes) as the solid and dashed curves, respectively. It is seen
that both curves indicate eventual resonance at 1 Hz, but the
amplitude during transition to resonance and the phase subse-
quently are different in the two simulations. During transi-
tion, the solution given by Ref. 10 indicates an elastic system
of less stiffness than that modeled by the method of this
paper, and the consequent frequency difference propagates as
a phase difference, subsequently. The reduced stiffness in the
response in Ref. 10 can be attributed to premature lineariza-
tion, inherent in the use of modes, which was not compensated
for by the consideration of geometric stiffness due to base
motion (see Ref. 17). By contrast, the present paper makes no
linearization for its assumed physical model. Given the quali-
tative similarity of the two simulations and the reason for the
differences, the discrete model used in this paper seems to be
at least a reasonable and effective approximation.

In the examples on beam extrusion given later, base motion
for the extruding body can be meaningfully prescribed. For

Fig. 4 Schematic representation of jump discontinuity as one link
goes in during retraction.

the Shuttle/WISP/tether problems, prescribing deployment
helps assess the disturbance for a control system design, and
the required force can be applied as a feed-forward control. In
the context of Fig. 1, this means that we consider at any time
an A?-body system anchored at point A to the rotating body B,
whose motion is prescribed, with the acceleration of the an-
chor point A also prescribed. Thus, to start the kinematic
forward pass, one has the following:

(19a)

a8 = Q(t)b3

aA = (d ~ (ld)b2

(19b)

(19c)

where b\, b2, and 53 are unit vectors fixed in B, and d is the
distance between O and A in Fig. 1. The variable n order-A?
algorithm is now used to simulate extrusions/retractions of
the WISP antenna from a slowly rolling Shuttle. The antenna
is taken to be a tube having a 0.0635-m diameter, 0.00254-m
wall thickness, of mass density 0.3644 kg/m, and modulus of
elasticity 1.96491 x 1010N/m2. Fully deployed, the antenna is
150 m long. It is assumed that the Shuttle rotates at a steady
rate of 1 deg/s about an axis normal to the direction of
extrusion/retraction. Extrusion from 5 to 150 m is simulated
with the extrusion rate prescribed as

= vmax
t_

/ma;
(20)

and retraction from 150 to 5 m is simulated with the prescribed
rate

(21)d = vmax 1 -

with vmax = 0.26666 m/s and fm a x = 750 s. Time taken to ex-
trude or retract any one link, of length 5 m, of the discretized
beam is calculated from Eq. (20) or (21), and the system
degrees-of-freedom n is held fixed for this duration. At the
end of this duration, the number of links is increased by 1 in
the case of extrusion and is reduced by 1 for retraction. For
the case of retraction, this presents a situation of discontinuity
in beam deflection between the n- and (f? — l)-link systems, as
indicated in Fig. 4. The init ial values for the generalized coor-
dinates and generalized speeds for a new set of links have to be
computed on the basis of continuity of physical displacements
and velocities between the new system and the old system. For
retraction of a beam from a representative system of n serial
l inks (with single revolute joints between links) to a system of
n - 1 serial l inks, this requires that the following two equa-
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tions for displacement and velocity be satisfied:
n — 1 n — 1 n n
J2 L sin £ qk

+ = J} L sin £ ̂
j = i k=j j = i k=j

/ 7 — 1 A? — 1 /? — 1 n

£ L sin £ <?/ £ q£ = £L sin £ ̂  £ <
y = / A: = y / = y y = / A: = y / = y

(22)

(23)

Here, a variable with a superscript + indicates its unknown
initial value for the system with n — 1 links, wheras the same
variable with a superscript ~ indicates its known value at the
end of operation of the system with n links. Note that Eq. (22)
is nonlinear in the generalized coordinates, whereas Eq. (23) is
linear in the generalized speeds. Equation (22), rewritten as
ft r = 0 (/ = ! , . . . , n - 1), is solved by Newton's method,
where the associated Jacobian matrix turns out to be triangu-
lar because the deflection at any revolute joint does not de-
pend on the motion of the outboard links,

= L cos

(24a)

(/ - 1, . . . , n - 1) (24b)

dqj+ dqj+_! k=j

(i = 1, . . . , n - 1; j = / + 1, . . . , n - 1) (24c)

The Newton updates are obtained by solving the linear equa-
tions

(25)

where the quantities within the brackets represent the Jaco-
bian matrix; [q } and {/) denote, respectively, the generalized
coordinates and functions in Eq. (22); and the subscripts
denote iteration numbers. A criterion based on smallness of a
norm of the right side of Eq. (25) is used for stopping the

iterations. Finally, note that the coefficient matrix associated
with the linear equations given by Eq. (23), which represents
the partial velocities for the mass points /, / = 1, . . . , n - 1, is
precisely the Jacobian matrix [in Eq. (25)], which represents
the partial rate of change of position of these points with
respect to the generalized coordinates. Note also that no initial
value update of state is needed for extrusion since Eqs. (22)
and (23) (with the superscripts + and ~ interchanged) are
identically satisfied as the system grows from n - 1 to n ele-
ments, with the new element having zero transverse displace-
ment and velocity.

Figures 5a and 5b show the transverse beam deflections
during extrusion at the beam tip and at a point 50 m from the
tip, respectively. The associated deployed length vs time is
shown in Fig. 5c. From Figs 5a and 5c, it is seen that the beam
tip deflection when the instantaneous length of the beam is
about 130.5 m is 16.1 m. This is already a large deflection,
beyond the range of validity of linear beam theory, so that any
modal superposition approach would have been inapplicable.
Note that extrusion from a rotating base makes the beam lag
its original undeformed configuration in conformity with the
nature of its Coriolis inertia loading; note also that the lumped
mass at a distance of 50 m from the beam tip starts late in its
transverse motion because this material point does not come
out until a certain time that depends on the extrusion rate.
Figures 6a and 6b show deflections at the beam tip and the 50
m point, respectively, during retraction. The corresponding
retracted length vs time is given in Fig. 6c. From Figs. 6a and
6c, note that the beam tip defleciton when the instantaneous
length of the beam is 133 m is about 23.0 m. This is quite a
large deflection, even larger than that obtained with extrusion.
Here, the beam leads the undeformed configuration due to the
Coriolis inertia force associated with retraction; the oscillation
of the point 50 m from the tip stops as it goes into the
containing body, whereas as for the mass at the tip, the
terminal oscillations in Figs. 6 show the transverse motion of
the tip of a stubby beam that remains when retraction is
ended.

The results of Figs. 6 demonstrate that deflections of a
beam being retracted into a rotating body do not necessarily
grow unbounded. This is in contrast to the well-known case of
a tether being retrieved into an orbiting body where the tether
has a tendency to wrap up because of which various stabilizing
control laws have been proposed in the literature (see, e.g.,

BERM EXTRUSION WITH PLRNRR 6RSE ROTRTION
DEFLECTION RT BERM TIP

a)
100.0 200.0 300.0 4 Q Q . O 500.0 600.0 700.0 800.0 900.0

TIME (SEC)

DEFLECTION RT 50 M FROM BERM TIP

b)

c)

a)

BERM RETRRCTION WITH PLRNRR BRSE ROTRTION
DEFLECTION RT BERM TIP

0.0 100.0 200.0 300.0 100.0 500.0 600.0 700.0 800.0 900.0
TIME (SEC)

b)
DEPLOYED BERM LENGTH

T \ll.

c)

Fig. 5 Transverse beam deflection during extrusion of a beam from
a rotating base: a) at beam tip; b) at 50 m from beam tip; c) deployed
beam length.

Fig. 6 Transverse beam deflection during retraction of a beam into a
rotating base: a) at beam tip; b) at 50 m from beam tip; c) deployed
beam length.
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BERN RETRRCTION, ZERO BENDING STIFFNESS
DEFLECTION RT NODE 1

0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0 100.0
TIME (SEC)

DEFLECTION RT NODE II

b) 0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0 100.0
TIME (SEC)

c) 50.0 100.0 150.0 200.0 250.0 300.0 350.0 400.0
TIME (SEC)

Fig. 7 Transverse deflection and instantaneous length during retrac-
tion of a tether (beam of zero bending stiffness) into a rotating body:
a) deflection at node 1; b) deflection at node 11; c) beam length.

RNTENNfl SPIN-UP NITH NONPLRNRR BRSE ROTRTION
X-COORD1NRTE OF TIP IN SPINUP TO 1 DEG/5EC IN 600 SEC

S-r-

a) 0.0 100.0 200.0 300.0 100.0 500.0 600.0 700.0 800.0 900.0 1000.0 1100.0 1200.0
TIME (SEC)

Y-COORD1NRTE OF TIP IN SPINUP TO 1 DEG/SEC IN 600 SEC

b) 0.0 100.0 200.C 3000 400.0 500.0 600.0 700.0 800.0 900.0 1000.0 1100.0 I20D.O
TIME (SEC)

Z-COORD1NRTE OF TIP IN SPINUP TO ] DEB/SEC IN 600 SEC

C)
0.0 100.0 200.0 300.0 100.0 500.0 600.0 700.0 800.0 900.0 1000.0 1100.0 1200.0

TIME ( S E C )

Fig. 8 Three-dimensional deformation of a long, slender beam at-
tached to a base undergoing spin-up to 1 deg/s in 600 s, with overall
nonplanar rotation: a) x coordinate of tip; b) y coordinate of tip; c) z
coordinate of tip.

Ref. 18). Because of the fact that a tether can be thought of as
a beam of zero bending stiffness, the method of this paper can
be used for analysis of retraction of a tether into a rotating
body. Figures 7 show three plots corresponding to the three
plots of Figs. 6, respectively, for a zero stiffness beam re-
trieved at half the retraction rate used for generating Figs. 6.
It is seen that the beam has very large deflection even at this
reduced retraction rate with less than 15 m of retraction com-
pleted, and it tends to fly off much as a tether being retrieved
into a rotating body is known to do. This indicates that it is the
bending stiffness of a beam that prevents its deflection from
growing unbounded during retraction into a rotating body.

Finally, to emphasize that the algorithm given in this paper
can be used to describe three-dimensional motion, we consider
the spin-up problem of a fixed length beam attached to a base
undergoing nonplanar motion. Specifically, the base rotation

is prescribed as

0.01745331~ 300 / irt
UB = 0.001 bi +—————\ t - —— sm(

7T \600

= 0.001 bx + 0.0174533 53,

300

/>600

(26)

Such a base motion would, for example, describe the yaw
spin-up of the Shuttle to 1 deg/s in 600 s as the Shuttle pitches
around the orbit. Three-dimensional response of the beam was
obtained by modeling two-degree-of-freedom rotational
hinges at the joints of the rigid/elastic model. Figures 8 show
the three-dimensional tip movement of the same 150-m-long
slender antenna as used before, corresponding to the spin-up
maneuver prescribed by Eqs. (26); Fig. 8a displays the x coor-
dinate of the beam tip, revealing axial foreshortening, and
Figs. 8b and 8c show the extremely large transverse deflections
of the beam during and subsequent to the spin-up. In practice,
the stresses attendant with such large deflections may not be
allowable, and this would preclude the use of such high spin-
up rates.

Conclusions
A computationally efficient simulation tool has been devel-

oped for studying large bending vibrations of a beam during
its extrusion/retraction from/into a moving base. The order-/?
algorithm provides considerable savings in computation time
compared to coupled matrix formulations when n is large; this
allows a detailed study of the transient beam dynamics involv-
ing many elements to represent the beam. The formulation
adapts RosenthaPs orders algorithm to a discrete model of
the beam where the number n of discrete elements is changed
discontinuously according to a deployment scheme. It is
shown by comparing to a conventional formulation using the
time-varying modal approach that the representation of a
beam by a series of rigid rods connected by rotational springs
gives an effective approximation to the response when deflec-
tions are small. In situations where large overall motion with
large elastic displacement is to be investigated, the modal
superposition approach is inapplicable, whereas the approach
used in this paper of working with direct physical coordinates
is clearly valid. For the WISP boom problem studied in this
paper, large bending deflections were shown to occur, with
larger deflections occurring during retraction than in extru-
sion. For the tether problem, the simulations suggested that
the lack of bending stiffness in a tether accentuates the bend-
ing deflections during retrieval. The simulation method devel-
oped can be used to analyze large overall three-dimensional
motion including deployment of a beam with large elastic
displacement.
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